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Abstract
We discuss the bosonization of nonrelativistic fermions interacting with non-Abelian gauge fields
in the lowest Landau level in the framework of higher dimensional quantum Hall effect. The bosonic
action is a one-dimensional matrix action, which can also be written as a noncommutative field
theory, invariant underWN transformations. The requirement that the usual gauge transformation
should be realized as aWN transformation provides an analog of a Seiberg-Witten map, which allows
us to express the action purely in terms of bosonic fields. The semiclassical limit of this, describing
the gauge interactions of a higher dimensional, non-Abelian quantum Hall droplet, produces a bulk
Chern-Simons type term whose anomaly is exactly cancelled by a boundary term given in terms of
a gauged Wess-Zumino-Witten action.
1E-mail address: dimitra.karabali@lehman.cuny.edu
1 Introduction
Quantum Hall effect in higher dimensions and different geometries has become a topic of recent
research interest [1]-[8]. The higher dimensional generalization exhibits features similar to the two-
dimensional case, such as incompressibility and gapless edge excitations, among other things. In a
series of papers [2]-[6] we generalized the original Zhang-Hu construction of QHE on S4 to arbitrary
even dimensions by formulating the quantum Hall effect on the complex projective spaces CPk.
Within this framework we also introduced a bosonization approach for nonrelativistic fermions
in higher dimensions. The possible excitations of the LLL fermionic system in the presence of a
confining potential are particle-hole excitations, which can, in principle, be described in terms of
bosonic degrees of freedom. Using the quantum density matrix formulation we derived an exact
bosonic action describing these excitations [3, 4]. The bosonic action is given in terms of one-
dimensional (N×N) matrices acting on the N -dimensional LLL single particle Hilbert space, which
can be further expressed, using the star-product formulation, as an action of a noncommutative
field theory.
In [6] we extended the bosonization method outlined in [3, 4] in the case of electromagnetic,
U(1), gauge interactions. CPk however is a space which also admits a non-Abelian U(k) background
gauge field. Charged fermions moving on CPk can have non-Abelian degrees of freedom and can
further couple to external non-Abelian gauge fields. In this paper we derive the bosonized action in
the case of non-Abelian gauge interactions. Although our explicit calculations involve the particular
case of nonrelativistic fermions on CPk whose LLL Hilbert space is well known [4], our method is
quite general and applies to any manifold which admits a consistent fomrulation of the quantum
Hall effect.
The semiclassical limit of the derived bosonic action, where N →∞ and the number of fermions
becomes large, produces the collective description of the low-energy excitations of the quantum Hall
droplet (Abelian and non-Abelian) in the presence of gauge interactions. In this limit the action
separates into a boundary part and a bulk part. The boundary term is essentially described by a
chiral, gauged Wess-Zumino-Witten type action, while the bulk term is a Chern-Simons type action
in terms of the external gauge fields. These two contributions combine so that the total effective
action is gauge invariant. The phenomenon of anomaly cancellation between the edge and bulk
action is of course well known in two dimensions. There, one can easily integrate out the fermions
and derive the bulk contribution which is an Abelian Chern-Simons action whose coefficient is given
by the quantized Hall conductance. The Chern-Simons term defined on a space with boundary is
not gauge invariant, the non-invariance given by a surface term. The gauge invariance is restored
by the addition of a boundary action in terms of chiral massless fields, which describe the edge
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dynamics of a quantum Hall droplet [9, 10]. In higher dimensions our bosonization method produces
simultaneously the bulk and edge effective actions in a way that gauge invariance is automatically
built in.
There have been several approaches to extending bosonization to higher dimensions [11] -[17].
Our approach is closer to the one followed by Das et al [18] and Sakita [19, 20, 21] for LLL
nonrelativistic fermions in two dimensions. Our noncommutative field theory action is essentially
a WN -gauge action in higher dimensions.
This paper is organized as follows. In section 2 we outline the bosonization method for nonrel-
ativistic fermions in the LLL in the presence of gauge interactions in arbitrary dimensions. In the
rest of the paper we apply the bosonization technique in the case of CPk with a U(k) background
gauge field. In section 3 we review the LLL Hilbert space of charged fermions on CPk with a U(1)
and U(k) uniform background magnetic field. In section 4 we derive the corresponding star-product
to 1/n2 order, where n is the strength of the U(1) uniform magnetic field. In sections 5 and 6 we
consider the large N (equivalently large n) limit of the bosonic action and derive the edge and
bulk effective action for the non-Abelian quantum Hall droplet. In section 7 we discuss the gauge
invariance of the bosonic action and explicitly demonstrate the anomaly cancellation between the
edge and bulk contributions. In section 8 we conclude with a brief summary and comments.
2 General approach
Here we present a general matrix formulation of the dynamics of noninteracting fermions in the low-
est Landau level, which eventually leads to a bosonization approach in terms of a noncommutative
field theory.
Let N denote the dimension of the one-particle Hilbert space corresponding to the states of the
lowest Landau level, K of which are occupied by fermions. The spin degree of freedom is neglected,
so each state can be occupied by a single fermion. In the presence of a confining potential Vˆ ,
the degeneracy of the LLL states is lifted and the fermions are localized around the minimum of
the potential forming a droplet. The choice of the droplet we are considering is specified by a
diagonal density matrix ρˆ0 which is equal to 1 for occupied states and zero for unoccupied states.
We can further consider ρˆ0 to be the density matrix characterizing the ground many-body state.
The most general fluctuations which preserve the LLL condition and the number of occupied states
are unitary transformations of ρˆ0, namely ρˆ0 → ρˆ = Uˆ ρˆ0Uˆ †, where Uˆ is an (N×N) unitary matrix.
The action which determines Uˆ is given by
S0 =
∫
dt Tr
[
iρˆ0Uˆ
†∂tUˆ − ρˆ0Uˆ †Vˆ Uˆ
]
(1)
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where Vˆ is the confining potential. We have used the fact that on the LLL the Hamiltonian is Vˆ
up to an additive constant. Uˆ can be thought of as a collective variable describing all the possible
excitations within the LLL. The equation of motion resulting from (1) is the expected evolution
equation for the density matrix ρˆ, namely
i
∂ρˆ
∂t
= [Vˆ , ρˆ] (2)
As it is well known by now in the context of noncommutative field theories, the action S0 can
also be written as [3, 4, 6]
S0 = N
∫
dµdt
[
i(ρ0 ∗ U † ∗ ∂tU) − (ρ0 ∗ U † ∗ V ∗ U)
]
(3)
where dµ is the volume measure of the space where QHE has been defined and ρ0, U, V are
the symbols of the corresponding matrices on this space. In our notation the hatted expressions
correspond to matrices and unhatted ones to the corresponding symbols, which are fields on the
space where QHE is defined. As we shall explain later, in the case where the LLL admits non-
Abelian fermions coupled to a background gauge field in some representation J ′ of dimension N ′,
the corresponding symbols are (N ′ ×N ′) matrix valued functions and the action S0 is written as
S0 =
N
N ′
∫
dµdt tr
[
i(ρ0 ∗ U † ∗ ∂tU) − (ρ0 ∗ U † ∗ V ∗ U)
]
(4)
Our notation is such that “Tr” indicates trace over the N -dimensional LLL Hilbert space while “tr”
indicates trace over the N ′-dimensional representation J ′. In the case of Abelian fermions, which
was the case studied in [3, 6], N ′ = 1 and tr is absent as in (3). An important point to emphasize
here is that when we later consider the semiclassical limit of (4), N →∞, while N ′ remains finite.
If Ψm(~x), m = 1, · · · , N , represent the correctly normalized LLL wavefunctions, then the defi-
nition of the symbol corresponding to a (N ×N) matrix Oˆ, with matrix elements Oml is
O(~x, t) =
1
N
∑
m,l
Ψm(~x)Oml(t)Ψ
∗
l (~x) (5)
The star product is defined as
(Oˆ1Oˆ2)symbol = O1(~x, t) ∗O2(~x, t) (6)
The action S0 in (1) or equivalently (4) provides an exact bosonization for the noninteracting
fermion problem. The expression in (1) does not depend on the particular space and its dimension-
ality or the Abelian or non-Abelian nature of the underlying fermionic system. This information
is encoded in equation (4) in the definition of the symbol, the star product and the measure.
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We now extend the bosonization approach for the underlying fermionic problem in the LLL in
the presence of external, fluctuating gauge fields. We propose that gauge interactions (beyond the
coupling to the strong uniform magnetic field which confines the system to the LLL) are described
by a matrix action S which is invariant under time dependent U(N) rotations,
Uˆ → hˆUˆ (7)
We consider S to be the gauged version of S0 in (1), where ∂t is now replaced by Dˆt = ∂t1 + iAˆ
and Aˆ is a matrix gauge potential. In particular,
S =
∫
dt Tr
[
iρˆ0Uˆ
†(∂t + iAˆ)Uˆ − ρˆ0Uˆ †Vˆ Uˆ
]
(8)
Invariance of this action under infinitesimal time dependent U(N) rotations
δUˆ = −ilˆUˆ (9)
implies the following transformation for the gauge potential Aˆ,
δAˆ = ∂t lˆ − i[lˆ, Vˆ + Aˆ] (10)
where hˆ = exp(−iλˆ). As before the action S in (8) can be written in terms of the corresponding
symbols as
S =
N
N ′
∫
dt dµ tr
[
iρ0 ∗ U † ∗ ∂tU − ρ0 ∗ U † ∗ V ∗ U − ρ0 ∗ U † ∗ A ∗ U
]
(11)
where the (N × N) matrices have been replaced by their symbols, matrix multiplication by the
star product, and Tr by N
N ′
∫
dµ tr. The action (11) is now invariant under the infinitesimal
transformations
δU = −il ∗ U
δA(~x, t) = ∂tl(~x, t)− i (l ∗ (V +A)− (V +A) ∗ l) (12)
We shall refer to this as the WN gauge transformation, in analogy to the W∞ transformation
appearing in the case of the planar two-dimensional QHE [10, 18].
If the proposed action S in (11) is to be the bosonized action describing the coupling of the LLL
fermionic system to a fluctuating external gauge field Aµ(~x, t), then A(~x, t) should be a function
of Aµ(~x, t). The dependence of A(~x, t) on Aµ(~x, t) is determined in the following way. Since S
is supposed to describe gauge interactions of the original system it has to be invariant under the
usual gauge transformation
δAµ = ∂µΛ (13)
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in the case of Abelian gauge fields, or
δAµ = ∂µΛ+ i[A¯µ +Aµ, Λ] (14)
δA¯µ = 0
in the case of non-Abelian gauge fields, where Λ is the infinitesimal gauge parameter and A¯µ is
a possible non-Abelian background field. The fact that S is invariant under (12) and (13) (or
(14)) implies that the transformation (12) can be thought of as a nonlinear realization of the
gauge transformation (13) or (14). This determines (up to gauge invariant terms) A as a function
of Aµ and therefore the bosonized action of the LLL fermionic system in the presence of gauge
interactions. Further, since A can be thought of as the time component of a noncommutative
gauge field, the relation between A and the commutative gauge fields Aµ is essentially a Seiberg-
Witten transformation [22, 23].
As we shall explicitly show in section 6, in the semi-classical limit, whereN →∞ and the number
of fermions is large, the A-dependent part of the action produces a boundary term describing the
coupling of the quantum Hall droplet to the external gauge field Aµ, and also a purely Aµ-dependent
bulk term, which is a Chern-Simons like term. The bulk Chern-Simons term defined on a space
with boundary is not gauge invariant. The gauge noninvariance is cancelled by the boundary term
so that the total action is gauge invariant. At the large N limit the transformations (12) become
the usual gauge transformations for matter and gauge fields so the gauge invariance of the action
is automatically satisfied.
This approach, which is based on a matrix formulation, provides a very general way to construct
the bosonic action for the underlying LLL fermionic system in any space that admits a consistent
formulation of QHE. The semiclassical limit of this action describes the gauge interactions of the
quantum Hall droplet (Abelian or non-Abelian).
The action S0 in (3) was also used in the context of one dimensional free fermions and their
relation to c = 1 string theory [18]. The bosonization approach of LLL fermions in the presence
of gauge interactions extended to any dimension as outlined above, is an adaptation of a method
used by Sakita [20] to derive the electromagnetic interactions of LLL spinless electrons in the two
dimensional plane.
In [3, 4], using a semi-classical expansion of S0, we derived the edge dynamics of Abelian and
non-Abelian quantum Hall droplets on higher dimensional CPk spaces. In this case the fermionic
density is a step function, constant over the phase volume occupied by the droplet and zero outside
the droplet. We found that the action S0 reduces to a higher dimensional generalization of a chiral
Wess-Zumino-Witten type action describing the boundary excitations of the droplet. In [6] we
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further explored the semiclassical limit of S in (11) to derive the bulk and edge effective actions of
the Abelian quantum Hall droplet in the presence of electromagnetic interactions. In this paper we
extend our analysis to derive the edge and bulk dynamics of the non-Abelian quantum Hall droplet
in the presence of gauge interactions.
3 QHE on CPk
Here we shall briefly review the structure of the lowest Landau level and the emerging star product
for CPk, which are the crucial ingredients in constructing the bosonic action (11). We shall mainly
follow the presentation in [3, 4] and in the review article [5].
CPk is a 2k-dimensional manifold parametrized by k + 1 complex coordinates va, such that
v¯ava = 1 (15)
with the identification va ∼ eiθva. One can further introduce local complex coordinates zI , I =
1, · · · , k, by writing
vI =
zI√
1 + z¯ · z , I = 1, · · · , k
vk+1 =
1√
1 + z¯ · z (16)
The U(1) background magnetic field (which leads to the Landau states) is introduced via a
gauge potential
a = −inv¯ · dv (17)
The corresponding U(1) field strength is given by
da = −indv¯ · dv = nΩ (18)
where Ω is the Ka¨hler two-form of CPk, which is obviously closed, and n is an integer. Further
n = 2BR2, where B is the constant background U(1) magnetic field and R is the radius of CPk.
For k = 1, since S2 = CP1, the problem of charged fermions on CP1 with U(1) background
field was studied by Haldane several years ago [24]. In this case the background gauge field a is
that of a monopole of charge n placed at the origin of S2.
The lowest Landau level wavefunctions for CPk with U(1) background field were derived in [3].
They are the coherent states for CPk.
Ψm(~x) =
√
N
[
n!
i1!i2!...ik!(n− s)!
]1
2 zi11 z
i2
2 · · · zikk
(1 + z¯ · z)n2 , m = 1, · · · , N
s = i1 + i2 + · · ·+ ik, 0 ≤ ii ≤ n , 0 ≤ s ≤ n (19)
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These wavefunctions form a symmetric, rank n representation J of SU(k + 1). The dimension of
this representation is
N = dimJ =
(n+ k)!
n!k!
(20)
The set of states in (19) can also be interpreted as the Hilbert space of fuzzy CPk [25]. QHE,
therefore, provides a physical realization of fuzzy spaces [5], so our results can be relevant for
certain fuzzy space analyses, going beyond the context of just QHE.
For CPk one can also have uniform non-Abelian background fields. In this case the corre-
sponding LLL wavefunctions are more involved. Using the fact that CPk = SU(k + 1)/U(k), a
group theoretic analysis was developed in [4] which allowed a uniform treatment of the Abelian
and non-Abelian case. Let tA denote the generators of SU(k + 1) as matrices in the fundamental
representation, normalized so that tr(tAtB) =
1
2δAB . These generators are classified into three
groups. The ones corresponding to the SU(k) part of U(k) ⊂ SU(k + 1) will be denoted by ta,
a = 1, 2, · · · , k2−1 while the generator for the U(1) direction of the subgroup U(k) will be denoted
by tk2+2k. The 2k remaining generators of SU(k+1) which are not in U(k) are the coset generators,
denoted by tα, α = 1, · · · , 2k. The coset generators can be further separated into the raising and
lowering type t±I = t2I−1 ± it2I , I = 1, · · · , k.
We can now use a (k+1)× (k+1) matrix g in the fundamental representation of SU(k+1) to
parametrize CPk, by making the identification g ∼ gh, where h ∈ U(k). We can use the freedom of
h transformations to write g as a function of the real coset coordinates xi, i = 1, · · · , 2k. The relation
between the complex coordinates zI , z¯I in (16) and xi is the usual one, zI = x2I−1 + ix2I , I =
1, · · · , k. We can write
g−1dg = (− iEk2+2ki tk2+2k − iEai ta − iEαi tα) dxi (21)
The Eαi are the frame fields in terms of which the Cartan-Killing metric on CP
k is given by
ds2 = gijdx
idxj = Eαi E
α
j dx
idxj (22)
The Ka¨hler two-form on CPk is likewise written as
Ω = −i
√
2k
k + 1
tr
(
tk2+2k g
−1dg ∧ g−1dg
)
= −1
4
√
2k
k + 1
f (k
2+2k)αβ Eαi E
β
j dx
i ∧ dxj
= −1
4
ǫαβ Eαi E
β
j dx
i ∧ dxj ≡ 1
2
Ωij dx
i ∧ dxj (23)
fABC are the SU(k + 1) structure constants, where [tA, tB ] = if
ABCtC and ǫ
αβ = 1 if α =
2I − 1, β = 2I, I = 1, · · · , k. The fields Ek2+2ki and Eai are related to the U(1) and SU(k)
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background gauge fields on CPk. In particular the U(1) field a is given by
a = in
√
2k
k + 1
tr(tk2+2kg
−1dg) =
n
2
√
2k
k + 1
Ek
2+2k
= −in g∗a,k+1dga,k+1 (24)
This agrees with (17) if we identify ga,k+1 = va. We can similarly define an SU(k) background field
A¯ai . Its normalization is chosen so that
A¯a ≡ Ea = 2itr(tag−1dg) (25)
Notice that A¯a in (25) does not depend on n, while the Abelian field a in (24) is proportional to
n. The corresponding U(1) and SU(k) background field strengths are
∂iaj − ∂jai = nΩij = −n
2
√
2k
k + 1
f (k
2+2k)αβEαi E
β
j
F¯ aij = ∂iA¯
a
j − ∂jA¯ai + fabcA¯bi A¯cj = −faαβEαi Eβj (26)
We see from (26) that in the appropriate frame basis the background field strengths are constant,
proportional to the U(k) structure constants. It is in this sense that the field strengths in (26)
correspond to uniform magnetic fields appropriate in defining QHE.
We now define two sets of operators, RA and LA which perform right and left translations on
an arbitrary element g of SU(k + 1), as
RA g = g TA LA g = TA g (27)
where TA are the SU(k + 1) generators in the representation to which g belongs. The U(1) gauge
field in (24) changes by a gauge transformation under a right U(1) rotation of the form g → gh
where h ∈ U(1), while it remains invariant under an SU(k) right rotation. This implies that in
the case where the fermions couple only to the Abelian gauge field a, the corresponding single
particle wavefunctions have a fixed U(1)R charge and are singlets under SU(k) right rotations [3].
In particular the wavefunctions obey the condition
Ra Ψm = 0, a = 1, · · · , k2 − 1
Rk2+2k Ψm = −
nk√
2k(k + 1)
Ψm (28)
On the other hand, the non-Abelian gauge field A¯a in (25) is invariant under right U(1) rotations
but noninvariant under right SU(k) rotations. So in the case where the fermions have non-Abelian
degrees of freedom and couple to the full U(k) background gauge field, the wavefunctions have
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the same fixed U(1)R charge as in (28) but under right rotations transform as a particular SU(k)
representation J ′ of dimension N ′ = dimJ ′. In this case,
Ra Ψm;a′ = Ψm;b′ (Ta)b′a′
Rk2+2k Ψm;a′ = −
nk√
2k(k + 1)
Ψm;a′ (29)
The indices a′, b′ = 1, · · · , N ′ label the states within the SU(k) representation J ′ and can be
thought of as the internal degrees of freedom of the non-Abelian fermions coupled to the U(k)
background field. The matrices Ta are the SU(k) generators in the representation J
′.
As we have explained in [4, 5], the coset operators Rα correspond to covariant derivatives, while
the SU(k + 1) operators LA correspond to magnetic translations. In particular, in the absence of
a confining potential, the Hamiltonian is proportional to R+IR−I up to additive constants, so the
lowest Landau level condition is
R−IΨ = 0 (30)
In both the Abelian and non-Abelian case the wavefunctions form an SU(k+1) representation.
A convenient basis to express them uniformly, is in terms of the Wigner D-functions which are the
matrices corresponding to the group elements in a particular representation J . Taking into account
the proper normalization we have,
Ψ =
√
ND(J)L,R(g) =
√
N 〈J, lA| gˆ |J, rA〉 (31)
where lA, rA indicate the two sets of quantum numbers specifying the states on which the generators
act, for left and right actions respectively.
In the Abelian case where the fermions couple to the U(1) background gauge field a, the right
state |J, rA〉 in (31) must be constrained by the condition (28); we denote the right state |J, rA〉 by
| − n〉. Further, condition (30) implies that the state on the right is the lowest weight state. As a
result the LLL wavefunctions on CPk with U(1) background field form an irreducible SU(k + 1)
representation J which is symmetric, of rank n, and whose lowest weight state is an SU(k) singlet.
The dimension of the J representation which defines the dimensionality of the LLL Hilbert space
is given by (20).
In the non-Abelian case where the fermions couple to the U(k) background field, the right
states |J, rA〉 in (31) are constrained by the condition (29); we now denote the right states |J, rA〉
by |a′,−n〉. Conditions (29) and (30) imply that the LLL wavefunctions for CPk with U(k)
background field form an irreducible SU(k + 1) representation J whose lowest weight state is an
SU(k) representation J ′. Since the U(1) charge is fixed in terms of n, there are constraints on the
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type of allowed J ′ SU(k) representations [4]. The dimension N of the SU(k + 1) representation J
depends now on the particular J ′ representation chosen, but for large n
N = dimJ → dimJ ′ n
k
k!
= N ′
nk
k!
(32)
The LLL wavefunctions
Ψm;a′(g) =
√
N 〈J, lA| gˆ |a′,−n〉
≡
√
N Dm;a′(g) (33)
are properly normalized by virtue of the orthogonality theorem∫
dµ(g) D∗m;a′(g) Dl;b′(g) =
δmlδa′b′
N
(34)
4 Star product for CPk with U(k) background gauge field
As we have discussed in [3, 4] the symbol corresponding to a (N × N) matrix Xˆ, with matrix
elements Xml, acting on the Hilbert space of the LLL is defined by
Xa′b′(~x, t) =
1
N
∑
ml
Ψm;a′(~x) Xml(t)Ψ
∗
l;b′(~x)
=
∑
ml
Dm;a′(g) XmlD∗l;b′(g)
= 〈b′,−n|g†XT g|a′;−n〉 (35)
In the non-Abelian case the symbol is a (N ′×N ′) matrix valued function, while in the Abelian case
where J ′ is the singlet representation, the symbol is just a function on CPk. With this definition
TrXˆ =
N
N ′
∑
a′
∫
dµ(g) Xa′a′(g) (36)
The star product is defined in terms of the symbol corresponding to the product of two matrices
Xˆ and Yˆ ,
(XˆYˆ )a′b′ = Xa′c′ ∗ Yc′b′
=
∑
mrl
Dm;a′(g) XmrYrlD∗l;b′(g)
= 〈b′,−n|g†Y TXT g|a′,−n〉
= 〈b′,−n|g†Y T 1 XT g|a′,−n〉 (37)
In order to calculate the star product we need to reexpress the unit matrix 1 in (37), where
1 =
∑
m |m〉〈m|, and |m〉 are all the states in the J representation, in terms of the lowest weight
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states |a′,−n〉. In the case of a U(1) background field the star product, following this method, was
derived in [3]. We found
X ∗ Y =
∑
s
(−1)s
[
(n− s)!
n!s!
] n∑
i1+i2+···+ik=s
s!
i1!i2! · · · ik!
Ri1−1R
i2
−2 · · ·Rik−kX
× Ri1+1Ri2+2 · · ·Rik+kY (38)
Expression (38) can be thought of as a series expansion in 1/n.
In the case of the U(k) background field the calculation of the star product is more involved.
In [4] we calculated it to order 1/n; here we shall extend the calculation to order 1/n2, which
is sufficient for the derivation of the effective action S in the semiclassical limit N → ∞ (or
equivalently n→∞).
An arbitrary state in the SU(k + 1) representation J can be written as
|Ψ〉 =
∑
a′
Ca′ |a′,−n〉+
∑
a′I
CIa′T+I |a′,−n〉+
∑
a′IJ
C
{IJ}
a′ T+IT+J |a′,−n〉+ · · · (39)
where |a′,−n〉 are the lowest weight states within the representation J , T+I I = 1, · · · , k are the
corresponding raising generators and Ca′ are coefficients to be determined. Using the commutation
relation
[T−I , T+J ] = −
√
2(k + 1)
k
Tk2+2k δIJ + if
aI¯J Ta (40)
and the fact that
√
2k(k + 1) Tk2+2kT+I |a′,−n〉 = (−nk + k + 1)T+I |a′,−n〉, we find the following
relations for the coefficients C :
〈b′,−n|Ψ〉 = Cb′
〈b′,−n|T−JΨ〉 =
∑
a′,I
CIa′
[
nδIJδa′b′ + if
aJ¯I〈b′,−n|Ta|a′,−n〉
]
+ · · ·
〈b′,−n|T−KT−LΨ〉 =
∑
a′,I,J
C
{IJ}
a′
[
n2(δLIδKJ + δKIδLJ )
]
δa′b′ + · · · (41)
where · · · above denotes terms of lower order in n. Inverting the last two expressions in (41) we
find
CIa′ =
∑
J
[
1
n
δa′b′δIJ − i
n2
faI¯J(Ta)a′b′
]
〈b′,−n|T−JΨ〉+ O( 1
n3
)
C
{IJ}
a′ =
1
4n2
∑
KL
δa′b′(δIKδJL + δILδJK)〈b′,−n|T−KT−LΨ〉+ O( 1
n3
) (42)
Combining (39), (41) and (42) we find
1 =
∑
a′
|a′,−n〉〈a′,−n| +
∑
a′b′IJ
T+I |a′,−n〉
[
1
n
δa′b′δIJ − i
n2
faI¯J(Ta)a′b′
]
〈b′,−n|T−J
+
1
2n2
T+IT+J |a′,−n〉〈a′,−n|T−IT−J + O( 1
n3
) (43)
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Inserting (43) in (37) and using the definition of the symbol as in (35) we find
X ∗ Y = XY − 1
n
R−IXR+IY +
i
n2
R−JXf
aI¯J(Ta)
TR+IY
+
1
2n2
R−IR−JXR+IR+JY + O( 1
n3
) (44)
Using (21) and (27) we can further express Rα as differential operators in the following way.
Rαg = i(E
−1)iα(∂ig + ig E
k2+2k
i Tk2+2k + ig E
a
i Ta) ≡ i(E−1)iαDig
Rαg
† = i(E−1)iα(∂ig
† − iEk2+2ki Tk2+2k g† − iEai Ta g†) ≡ i(E−1)iαDig† (45)
where T ’s are the U(k) generators in the particular representation g belongs to. Using (45) and
the definition (35) for the symbol, we find that the action of the right operator Rα on a symbol is
RαXa′b′ = i(E
−1)iα(DiX)a′b′
DiX = ∂iX + i[A¯i, X], A¯i = A¯
a
i (Ta)
T = Eai (Ta)
T (46)
where A¯ is the SU(k) background gauge field in the J ′ representation. Notice that the U(1) part
of the gauge field does not contribute in (45). 2
Similarly the action of two right operators Rα on a symbol produces the following expression
RαRβXa′b′ = −(E−1)iαDi((E−1)jβXa′b′)
= −(E−1)iα(E−1)jβDiDjXa′b′ (47)
where Di is the properly defined covariant derivative for a curved space such as CPk, namely
DiDjX ≡ DiDjX − ΓlijDlX
DiE
α
j = ∂iE
α
j + f
αAβEAi E
β
j = Γ
l
ijE
α
l (48)
where A in fαAβ is a U(k) index (both U(1) and SU(k)) and Γlij is the Christoffel symbol for CP
k.
Combining expressions (45) and (47) we can rewrite the star-product in (44) in terms of covariant
derivatives and real coordinates (instead of complex) as
X ∗ Y = XY + 1
n
P ijDiXDjY − i
n2
P ilP kjDiXF¯lkDjY
+
1
2n2
P ikP jlDiDjXDkDlY +O( 1
n3
) (49)
2The particular definition of the symbol in (35) implies that the gauging is done in terms of the transpose matrices
(Ta)
T as in (45). This was incorrectly stated in equation (53) of reference [4], where Ta there should be replaced by
−(Ta)
T .
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where F¯lk = F¯
a
lk(Ta)
T and
P ij = gij +
i
2
(Ω−1)ij (50)
In deriving (49) the following expressions for gij and (Ω−1)ij were used:
gij = EiαE
j
α
(Ω−1)ij = 2 ǫαβ EiαE
j
β (51)
Using (49) we can now write down the symbol for the commutator to order 1/n2,
[X, Y ]∗ ≡ X ∗ Y − Y ∗X = [X, Y ] + 1
n
P ij(DiXDjY −DiY DjX)
− i
n2
P ilP kj(DiXF¯lkDjY −DiY F¯lkDjX)
+
1
2n2
P ikP jl(DiDjXDkDlY −DiDjYDkDlX) + O( 1
n3
) (52)
Equations (49) and (52) are valid for both the Abelian and non-Abelian case. In the Abelian case,
they simplify by taking X, Y to be commuting functions, F¯lk → 0, DiX → ∂iX and DiDjX →
∂i∂jX − Γlij∂lX.
5 Calculation of A
As we explained in section 2, our approach in deriving the bosonized action S expressing the
dynamics of the LLL fermions on CPk in the presence of gauge interactions results in calculating
A as a function of the fluctuating gauge fields Aµ via theWN transformation (12) and the fact that
this is induced by the gauge transformation (14). Using (12) and (52) we find
δA = ∂tλ− i[λ, V +A]− i
n
P ij (DiλDj(V +A)−Di(V +A)Djλ)
− 1
n2
P ilP kj
(
DiλF¯lkDjV −DiV F¯lkDjλ
)
− i
2n2
P ikP jl (DiDjλDkDlV −DiDjVDkDlλ) (53)
Before we attempt to explicitly solve for A as a function of Aµ we need to discuss the scaling
of various quantities. All expressions so far (including the measure dµ, gij , (Ω−1)ij, etc.) have
been written in terms of the dimensionless coordinates xi = x˜i/R, where R is the radius of CP
k
and x˜ are the dimensionful coordinates. The calculation of the star-product (49) involves a series
expansion in terms of 1/n, where n = 2BR2 and B is the constant U(1) magnetic field. Rewriting
our expressions in terms of the dimensionful parameters x˜i, one can easily see that the expansion in
1/n becomes an expansion in 1/B. We further assume that the energy scale of the fluctuating gauge
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field Aµ and therefore A is much smaller than B so that the restriction to LLL is justified. The scale
of the confining potential V is set by the magnetic field B (∼ n in terms of dimensionless variables)
[3, 4]. A convenient choice for the confining matrix potential Vˆ is such that the ground state
density ρ0(~x) corresponds to a spherical droplet. This is the case when all the SU(k) multiplets
of the J representation upto a fixed hypercharge are completely filled, starting from the lowest. A
particular, simple choice for such a potential is the one used in [4],
Vˆ =
√
2k
k + 1
ω
(
Tk2+2k +
nk√
2k(k + 1)
)
(54)
where ω is a constant. (The potential does not have to be exactly of this form; any potential with
the same qualitative features will do.) The particular expression (54) is such that
〈s|Vˆ |s〉 = ωs (55)
where |s〉 denotes an SU(k) multiplet of hypercharge −nk+ sk+ s, namely √2k(k + 1)Tk2+2k|s〉 =
(−nk + sk + s)|s〉. The symbol for (54) was calculated in [4] to be
Va′b′ = 〈b′,−n|g†V T g|a′,−n〉
= ωn
z¯ · z
1 + z¯ · z δa′b′ + Sk2+2k,a(Ta)b′a′ (56)
where
Sk2+2k,a = 2tr(g
†tk2+2k g ta) (57)
The important point is that the first term in (56) is diagonal and of order n in terms of the
dimensionless variables z, while the second non-diagonal term is of order n0. So in analyzing (53)
we can absorb the order n0 term of the confining potential in the definition of A and treat separately
the diagonal term of order n as V . Using then that Va′b′ is a commuting diagonal matrix of the
form Va′b′ = δa′b′V (r), where r
2 = z¯ · z, the expression (53) can be further simplified as
δA = ∂tλ− i[λ, A] + 1
n
(Ω−1)ijDiλ∂jV − i
n
P ij (DiλDjA−DiADjλ)
− 1
n2
P ilP kj
(
DiλF¯lk∂jV − F¯lkDjλ∂iV
)
+
1
2n2
[
(Ω−1)ikgjl + gik(Ω−1)jl
]
DiDjλ∇k∂lV (58)
where
∇k∂lV = ∂k∂lV − Γnkl∂nV (59)
A consistent solution for A as a function of Aµ, A = f(Aµ), is such that
δA = f(δAµ)
δAµ = ∂µΛ + i[A¯µ +Aµ,Λ] = DµΛ+ i[Aµ,Λ] (60)
δA¯µ = 0
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In the absence of a confining potential, V = 0, the solution to (58) is
AV=0 = A0 − i
2n
P ij(AiXj −XiAj)
Xi = 2DiA0 − ∂0Ai + i[Ai, A0] (61)
and
λ = Λ+
i
2n
P ij(DiΛAj −AiDjΛ) (62)
Writing
A = AV=0 +AV (63)
where AV is the V -dependent part of A and using (58) and (61) we find the following relation for
AV
δAV = uiDiλ− i[λ, AV ]− i
n
P ij
(
DiλDjAV −DiAVDjλ
)
− i
n
(
P ilDiλF¯lk − P liF¯lkDiλ
)
uk
+
1
2n2
[
(Ω−1)ikgjl + gik(Ω−1)jl
]
DiDjλ∇k∂lV (64)
where
ui =
1
n
(Ω−1)ij∂jV (65)
The quantity ui, which will be extensively used from now on, is essentially the phase space velocity,
if we think of the LLL as the phase space of a lower dimensional system, with symplectic structure
nΩ and Hamiltonian V .
In deriving (64) the following relations between gij , (Ω−1)ij in (51) and the background field
strength F¯ aij in (26) were used
(Ω−1)ijF¯ aij = 0
gkigljF¯ akl =
1
4
(Ω−1)ki(Ω−1)ljF¯ akl
gki(Ω−1)ljF¯ akl = −(Ω−1)kigljF¯ akl (66)
We eventually find that the solution for AV is
AV = uiAi − i
2n
P ij(AiAk∂ju
k −AkAj∂iuk)
− i
2n
P ij [Ai(Xjk + 2F¯jk)− (Xik + 2F¯ik)Aj ]uk
+
1
2n2
[(Ω−1)ikgjl + gik(Ω−1)jl]DiAj∇k∂lV (67)
where
Xjk = 2DjAk −DkAj + i[Aj , Ak] (68)
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and λ is as in (62), independent of V . Combining (61), (63), (67) and (68) we arrive at the following
expression for A:
A = A0 − i
2n
gij [Ai, 2DiA0 − ∂0Ai + i[Ai, A0]] + 1
4n
(Ω−1)ij{Ai, 2DjA0 − ∂0Aj + i[Aj , A0]}
+uiAi − i
2n
gij [Ai, Ak] ∂ju
k +
1
4n
(Ω−1)ij{Ai, Ak}∂juk
− i
2n
gij
[
Ai, 2DjAk −DkAj + i[Aj , Ak] + 2F¯jk
]
uk
+
1
4n
(Ω−1)ij{Ai, 2DjAk −DkAj + i[Aj , Ak] + 2F¯jk }uk
+
1
2n2
gik(Ω−1)jl (DiAj +DjAi)∇k∂lV (69)
where [ ] indicate commutators and { } anticommutators. The external fluctuating gauge field
Aµ in the above expression, contains both the Abelian U(1) and non-Abelian SU(k) components,
namely Aµ = A
a
µ(Ta)
T + Ak
2+2k
µ (Tk2+2k)
T . In the Abelian case where the fermions interact only
with the U(1) gauge field, the symbols are commuting functions, so the commutator terms in (69)
vanish. The result then agrees with the one found in [6]. 3 In terms of the dimensionful quantities
x˜ = Rx , D˜ = D/R, A˜ = A/R, V˜ ∼ B, A can be written as a series expansion in 1/B. The terms
we have kept in (69) account for all terms of order B0 and 1/B.
A being the symbol of the time component of the matrix gauge potential, expression (69) along
with (62) can be thought of as the Seiberg-Witten map [22, 23] for a curved manifold in the presence
of non-Abelian background gauge fields.
As should be clear from (60), expression (69) is only determined up to gauge invariant terms
whose coefficients are not constrained by the WN transformation (12) and the requirement that it
is induced via the gauge transformation (14). We shall refer to the solution (69) as the “minimal”
solution. As we shall see later, this produces the minimal gauge coupling for the chiral field
describing the edge excitations of the quantum Hall droplet, similarly to the case of the Abelian
droplet [6].
6 Edge and bulk actions
The fully bosonized action expressing the gauge interactions of nonrelativistic fermions with U(k)
degrees of freedom with a fluctuating gauge field Aµ in the lowest Landau level is given by
S =
N
N ′
∫
dt dµ tr
[
iρ0 ∗ U † ∗ ∂tU − ρ0 ∗ U † ∗ V ∗ U − ρ0 ∗ U † ∗ A ∗ U
]
(70)
3The last term in (69) was neglected in [6].
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where A is given in (69).
For the case of a confining potential Vˆ with an SU(k) symmetry, as discussed in the previous
section, the fermionic many-body ground state is formed by filling up a certain number of complete
SU(k) representations, starting with the singlet, the fundamental, rank two and so on, up to, let
us say rankM symmetric representation. We found in [4] that in the large N , large M limit, where
N ≫M
(ρ0)a′b′ = ρ0(r
2)δa′b′
ρ0(r
2) = Θ
(
1− nr
2
M
)
= Θ
(
1− R
2r2
R2D
)
(71)
where Θ is the step function, and RD is the radius of the droplet, R
2
D =
M
2B . Equation (71) defines
the so-caled droplet approximation for the fermionic density, and it is at this limit we want to
evaluate the action S and identify the edge and bulk effective actions.
As we mentioned earlier, the integrand in (69) can be thought of as an expansion in 1/B if we
write our expressions in terms of the dimensionful coordinates x˜. Similarly, using (32), the prefactor
(N/N ′)dµ → [nk/(k!R2k)]dµ˜ = (2B)k/k! dµ˜, where dµ˜ is the measure of the space in terms of the
dimensionful coordinates. For convenience we will continue the evaluation of the edge and bulk
effective actions in terms of the dimensionless coordinates, keeping in mind, though, that the 1/n
expansion can always be converted to a 1/B expansion with the appropriate overall prefactor to
correctly accomodate the volume of the droplet.
6.1 Calculation of S0
In the absence of gauge interactions the semiclassical limit of S0 was derived in [4]. Here we give a
brief review of this calculation.
S0 =
N
N ′
∫
dtdµ tr
(
ρ0 ∗ U † ∗ i∂tU − ρ0 ∗ U † ∗ V ∗ U
)
(72)
U can be expressed in terms of the hermitian (N ′×N ′) matrix valued field Φ, which is the symbol
corresponding to Φˆ in Uˆ = eiΦˆ. We found that to leading order in 1/n
U = G − i
n
G F + · · ·
G = eiΦ
F = −P ij
∫ 1
0
dα e−iαΦ DiΦ Dj(e
iαΦ) (73)
Similarly
U † = G† +
i
n
F †G† + · · · (74)
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and further
F − F † = iP ijG†DiG G†DjG (75)
Using (73)-(75) one can show that the action S0 can be written in terms of the unitary (N
′ ×N ′)
matrix valued field G, and in the large n-limit
S0 =
N
2nN ′
∫
dtdµ ∂iρ0(Ω
−1)ijtr
[(
G†G˙+ uk G†DkG
)
G†DjG
]
− N
2nN ′
∫
dtdµ ρ0(Ω
−1)ijtr
[
G†G˙ G†DiG G
†DjG
]
(76)
Expanding out the covariant derivatives we find that the last term in (76) can be written as [4]∫
dtdµ (Ω−1)ijρ0tr
(
G†G˙ G†DiG G
†DjG
)
=
∫
dtdµ (Ω−1)ijρ0tr
{(
G†G˙ G†∂iG G
†∂jG
)
− ∂i
[
i
(
G˙G† +G†G˙
)
A¯j
]}
(77)
Since ρ0(r
2) is a step function as in (71), its derivative ∂iρ0 produces a delta function with
support at the boundary of the droplet, namely
∂iρ0 = 2rxˆi
∂ρ0
∂r2
∂ρ0
∂r2
= − n
M
δ
(
1− nr
2
M
)
= − R
2
R2D
δ
(
1− R
2r2
R2D
)
(78)
where xˆi is the radial unit vector normal to the boundary of the droplet. Further using the
identities4
dµ = ǫi1j1i2j2···ikjkΩi1j1 · · ·Ωikjk
d2kx
(4π)k
= k!
√
detΩ
d2kx
(2π)k
dµ (Ω−1)ij = −2k ǫiji2j2···ikjkΩi2j2 · · ·Ωikjk
d2kx
(4π)k
(79)
we can rewrite S0 in the following form:
S0 = − N
2nN ′
∫
dtdµ
∂ρ0
∂r2
tr
[(
G†G˙+ ω G†DΩG
)
G†DΩG
]
+
Nk
4πnN ′
∫
ρ0
[
−d
(
iA¯dGG† + iA¯G†dG
)
+
1
3
(
G†dG
)3] ∧ ( Ω
2π
)k−1
(80)
where ω = 1
n
∂V
∂r2
|boundary and
DΩ = −(Ω−1)ij2rxˆiDj (81)
DΩ is the component of the covariant derivative D perpendicular to the radial direction, along a
special tangential direction on the droplet boundary. The action S0 in (80) is a higher dimensional
4The normalization used is such that
∫
dµ = 1.
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generalization of a chiral, Wess-Zumino-Witten action, vectorially gauged [26] with respect to the
time independent background gauge field A¯. The first two terms in (80) are evidently boundary
terms. The third term is a WZW-type term written as an integral over a (2k + 1) manifold,
corresponding to the droplet and time. The usual 3-form in the integrand of the WZW-term,
(G†dG)3, has now been augmented to the appropriate (2k + 1)-form (G†dG)3 ∧ Ωk−1. Since the
WZW-term is the integral of a locally exact form [4], the whole action S0 should be considered as
part of the edge action.
6.2 Calculation of SA
The part of the action which depends on the external gauge field Aµ is given by
SA = −N
N ′
∫
dtdµ tr
[
ρ0 ∗ U † ∗ A ∗ U
]
(82)
where A is given in (69). Using (73)-(75) and the expression (49) for the star-product we find that
SA = −N
N ′
∫
dtdµ
[
ρ0 trA+ 1
n
P ij∂iρ0 trDjA− i
n
(Ω−1)ij∂iρ0 tr(DjGG
†A)
]
(83)
Expression (83) naturally splits into two parts. A term that expresses the coupling between the
external gauge field Aµ and the matter field G and a term that involves only the gauge field Aµ.
In particular we find, up to 1/n2 order terms,
SA = SA, matter + SA, pure (84)
where
SA, matter =
N
nN ′
∫
dtdµ ∂iρ0(Ω
−1)ijtr
[
i(A0 + u
kAk)DjGG
†
]
= − N
nN ′
∫
dtdµ ρ0(Ω
−1)ijtr ∂i
[
i(A0 + u
kAk)DjGG
†
]
(85)
and
SA, pure = −N
N ′
∫
dtdµ ρ0tr
[
A0 + u
kAk +
1
2n
(Ω−1)ijAi (2DjA0 − ∂0Aj + i[Aj , A0])
+
1
2n
(Ω−1)ij
[
AiAk∂ju
k +Ai
(
2DjAk −DkAj + i[Aj , Ak] + 2F¯jk
)
uk
]
+
1
2n2
gik(Ω−1)jltr (∇iAj +∇jAi)∇k∂lV
]
− N
nN ′
∫
dtdµ ∂iρ0 g
ijtr∂j(A0 + u
kAk) (86)
In doing partial integrations as in (85), we used, along with the fact that ρ0 is time independent,
the relation
∂i
(
(Ω−1)ij
√
detΩ
)
= 0 (87)
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From expressions (85) and (86) we notice that SA,matter contributes to the edge action as ex-
pected, since the matter field G resides on the edge and describes the edge excitations of the droplet,
while SA, pure contributes to both the edge and bulk action.
Let us for now focus on the “topological” part of SA,pure, namely the terms which contain
(Ω−1)ij but not explicitly the metric.
StopologicalA,pure = −
N
N ′
∫
dtdµρ0tr
[
A0 + u
kAk +
1
2n
(Ω−1)ij
[
Ai (2DjA0 − ∂0Aj + i[Aj , A0])
+AiAk∂ju
k +Ai
(
2DjAk −DkAj + i[Aj , Ak] + 2F¯jk
)
uk
]]
= −N
N ′
∫
dtdµρ0tr
[
A0 + u
kAk +
1
2n
(Ω−1)ij
[
AiDjA0 +A0DiAj +AjD0Ai + iAi[Aj , A0]
+
(
AiDjAk +AkDiAj +AjDkAi + iAi[Aj , Ak] + 2AiF¯jk
)
uk
+∂j
(
Ai(A0 + u
kAk)
) ]]
(88)
Using (79) and
dµ
[
(Ω−1)ij(Ω−1)kl + (Ω−1)ki(Ω−1)jl(Ω−1)jk(Ω−1)il
]
= 4k(k − 1)ǫijkli3j3···ikjkΩi3j3 · · ·Ωikjk
d2kx
(4π)k
(89)
we can rewrite the terms in (88) as follows:
− N
2nN ′
∫
dtdµρ0(Ω
−1)ijtr (AiDjA0 +A0DiAj +AjD0Ai + iAi[Aj , A0])
=
kN
4πnN ′
∫
ρ0tr
(
ADA+
2i
3
A3
)
∧
(
Ω
2π
)k−1
=
kN
4πnN ′
∫
ρ0tr
(
(A+ A¯)d(A + A¯) +
2i
3
(A+ A¯)3
)
∧
(
Ω
2π
)k−1
− N
2nN ′
∫
dtdµρ0(Ω
−1)ijtr ∂i(A0A¯j) (90)
In deriving the last expression in (90) we used the relation
tr
[
(A+ A¯)d(A+ A¯) +
2i
3
(A+ A¯)3
]
= tr
[
ADA+
2i
3
A3 + 2AF¯ − d(A¯A)
]
(91)
and the fact that (Ω−1)ijF¯ aij = 0. We similarly find that
− N
2nN ′
∫
dtdµρ0(Ω
−1)ijtr
[
AiDjAk +AkDiAj +AjDkAi + iAi[Aj , Ak] + 2AiF¯jk
]
uk
= − N
nN ′
2k(k − 1)
(4π)2
∫
dtρ0
(
ADA+
2i
3
A3 + 2AF¯
)
dV ∧
(
Ω
2π
)k−2
(92)
= − N
nN ′
2k(k − 1)
(4π)2
∫
dtρ0
[(
(A+ A¯)d(A + A¯) +
2i
3
(A+ A¯)3
)
dV + d(A¯A)dV
]
∧
(
Ω
2π
)k−2
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Upon partial integration the last term in (92) is zero for V = V (r2) and ρ0 = ρ0(r
2).
Combining (86), (88), (90) and (92) we can rewrite SA,pure in the following way
SA,pure = −N
N ′
∫
dtdµρ0tr
(
A0 + u
kAk
)
+
kN
4πnN ′
∫
ρ0tr
(
(A+ A¯)d(A + A¯) +
2i
3
(A+ A¯)3
)
∧
(
Ω
2π
)k−1
− N
nN ′
2k(k − 1)
(4π)2
∫
dtρ0tr
(
(A+ A¯)d(A+ A¯) +
2i
3
(A+ A¯)3
)
dV ∧
(
Ω
2π
)k−2
+
N
2nN ′
∫
dtdµ∂iρ0(Ω
−1)ijtr
[
−(A0 + ukAk)Aj +A0A¯j
]
− N
nN ′
∫
dtdµ∂iρ0g
ijtr∂j(A0 + u
kAk)
− N
2n2N ′
∫
dtdµρ0g
ik(Ω−1)jltr (∇iAj +∇jAi)∇k∂lV (93)
Doing a partial integration and using the fact that ∇igjk = ∇i(Ω−1)jk = 0 and tr∇iAj = tr(∇jAi+
Fij), we can rewrite the last term in (93) in the following way:
− N
2n2N ′
∫
dtdµρ0g
ik(Ω−1)jltr (∇iAj +∇jAi)∇k∂lV
=
N
2nN ′
∫
dtdµ∂iρ0g
ijtr (∇jAk +∇kAj) uk
+
N
2nN ′
∫
dtdµρ0g
iktr
[
∇kFijuj − 1
n
(Ω−1)jl[∇j, ∇l]Ai ∂kV
]
(94)
The last term in (94) involves the curvature of CPk. Using (48) and (59) we find that
[∇j , ∇l]Ai = RjlimAm
Rijlm = −
(
faαβF¯ aik +
k + 1
k
ǫαβΩik
)
Eαj E
β
l (95)
Using (95) we find that the last term in (94) can be written as
− N
2n2N ′
∫
dtdµρ0g
ik(Ω−1)jltr[∇j, ∇l]Ai ∂kV = N(k + 1)
2nN ′
∫
dtdµρ0trAku
k (96)
We are now ready to write down the final edge and bulk contributions resulting from SA in (83):
SedgeA =
N
2nN ′
∫
dtdµ∂iρ0(Ω
−1)ijtr
[
2i(A0 + u
kAk)DjGG
† − (A0 + ukAk)Aj +A0A¯j
]
− N
2nN ′
∫
dtdµ∂iρ0 g
ijtr
[
2∂j(A0 + u
kAk)− (∇jAk +∇kAj)uk
]
(97)
SbulkA = −
N
N ′
∫
dtdµρ0tr
(
A0 + u
kAk
)
+
kN
4πnN ′
∫
ρ0tr
(
(A+ A¯)d(A + A¯) +
2i
3
(A+ A¯)3
)
∧
(
Ω
2π
)k−1
− N
nN ′
2k(k − 1)
(4π)2
∫
dtρ0
[(
(A+ A¯)d(A+ A¯) +
2i
3
(A+ A¯)3
)
dV
]
∧
(
Ω
2π
)k−2
+
N
2nN ′
∫
dtdµρ0tr
[
∇iFik + (k + 1)Ak
]
uk (98)
Let us momentarily focus on SbulkA . In terms of the dimensionful coordinates x˜, the last term is
of order 1/(BR2) while the term before last is of order 1/B but contains higher derivatives of the
external field compared to the other terms in (98). If we also consider the approximation where R
becomes large and the gradients of the external field are small compared to B, the last two terms
become subdominant compared to the other terms in (98).
A similar expression for SbulkA , when ρ0 = 1 (completely filled LLL level), has also been derived
in [27] using a different analysis. In fact it was shown there that the “topological” part of (98),
where the last two terms are neglected, can be written as a single (2k + 1)-dimensional Chern-
Simons term to all orders in 1/n. Using (78) and the fact that N/N ′ = nk/k! at large n, we can
rewrite the “topological” part of SbulkA (when ρ0 = 1) as
SbulkA =
(−1)k+1
(2π)kk!
∫ [
trA ∧ (−nΩ)k
+
k
2
tr
(
(A+ A¯+ V )d(A+ A¯+ V ) +
2i
3
(A+ A¯+ V )3
)
∧ (−nΩ)k−1
+
k(k − 1)
2
tr
(
(A+ A¯)d(A + A¯) +
2i
3
(A+ A¯)3
)
dV ∧ (−nΩ)k−2
]
(99)
One can check, using that da = nΩ, that up to a constant term independent of the fluctuating
field, this is indeed the large n expansion of the (2k + 1)-dimensional Chern-Simons term for the
gauge field A˜:
SbulkA = SCS(A˜)
A˜ =
(
A0 + V, − ai + A¯i +Ai
)
(100)
in agreement with [27].5
5In comparing with [27] one has to take a → −a or equivalently nΩ→ −ω. The extra (−1)k+1 factor in front of
the Chern-Simons action in (99) has to do with the fact that, in our notation, the components of the gauge fields are
related to the matrix form by A = Aa(Ta)
T whereas [27] used the definition A = Aa(−Ta)
T
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7 Anomaly cancellation between bulk and edge actions
As we have explained in section 2, the full bosonic action S is by construction invariant under
δU = −iλ ∗ U (101)
and
δAµ = DµΛ+ i[Aµ, Λ] (102)
which further induces the WN transformation (12).
Using (73)-(75) one can show that (101) implies the following gauge transformation for G:
δG G† = −iΛ + · · · (103)
where · · · indicates higher order terms in 1/n. This means that the total effective action we derived
to 1/n order,
S = (S0 + SA)
edge + SbulkA (104)
is automatically gauge invariant under (102) and (103). One can verify this explicitly by calculating
the gauge variation of S. In fact it is interesting to consider separately the gauge transformation
of the edge and bulk parts of the action.
7.1 Gauge transformation of Sedge
The total edge action is
Sedge = S0 + S
edge
A
=
N
2nN ′
∫
dtdµ ∂iρ0(Ω
−1)ij tr
[ (
G†G˙+ ukG†DkG
)
G†DjG− i
(
G˙G† +G†G˙
)
A¯j
+2i(A0 + u
kAk)DjGG
† − (A0 + ukAk)Aj +A0A¯j
]
− N
2nN ′
∫
dtdµρ0(Ω
−1)ijtr
(
G†G˙G†∂iG G
†∂jG
)
− N
2nN ′
∫
dtdµ∂iρ0g
ijtr
[
2∂j(A0 + u
kAk)− (∇jAk +∇kAj)uk
]
(105)
The last two terms do not involve matter coupling; they further depend explicitly on the metric
and are of no topological nature. One can show that they are gauge invariant by making use of the
Ka¨hler property of the manifold, namely
gzz¯ = gz¯z = ∂z∂z¯K(r
2) (106)
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where K(r2) is the Ka¨hler potential. The rest of Sedge transforms in the following way under the
gauge transformation (102) and (103) :
δSedge =
N
2nN ′
∫
dµ∂iρ0(Ω
−1)ijtr [A0∂jΛ−Aj∂0Λ] (107)
The gauge variation of Sedge does not depend on uk. In fact it is interesting to write down the
u-independent (V = 0) part of the edge action neglecting the last metric dependent term. After
some rearrangement of the terms we find that this can be written as a higher dimensional WZW
action, gauged in a left-right asymmetric way as follows:
Sedge(uk = 0) = SWZW (A
L = A+ A¯, AR = A¯) (108)
=
N
2nN ′
∫
dtdµ∂iρ0(Ω
−1)ijG†(∂0 + iA
L
0G− iGAR0 ) G†(∂jG+ iALj G− iGARj )
+
Nk
4πnN ′
∫
ρ0
[
−d
(
iALdGG† + iARG†dG+ALGARG†
)
+
1
3
(
G†dG
)3] ∧ ( Ω
2π
)k−1
The first term in (108) is gauge invariant, while the last two terms combine to produce
δSedge(uk = 0) =
Nk
4πnN ′
∫
dρ0 tr(dA
LΛ) ∧
(
Ω
2π
)k−1
(109)
which is the same as (107) for a time independent A¯i, with A¯0 = 0. The full S
edge action, including
the uk dependent terms can also be written as a gauged WZW action by doing the following
substitutions in (108):
∂0 → ∂τ = ∂0 + uk∂k
AL0 → ALτ = A0 + uk(Ak + A¯k) AR0 → ARτ = ukA¯k
ALi = Ai + A¯i A
R
i = A¯i (110)
One can explicitly verify that the u-dependent terms are gauge invariant. The derivative ∂τ is the
convective derivative, well known in hydrodynamics. The appearance of Aτ is consistent with the
gauging of the convective derivative.
7.2 Gauge transformation of Sbulk
The full bulk action Sbulk is given by SbulkA in (98). The gauge transformation of the combination
tr(A0 + u
kAk) is
δtr(A0 + u
kAk) = tr
(
Λ˙ +
1
n
∂V
∂r2
∂ΩΛ
)
(111)
where ∂Ω = (Ω
−1)ij2xˆj∂i is an angular derivative along the boundary. Using the fact the ρ0 is time
independent and that ρ0, V are spherically symmetric, one can easily show by partial integration
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that the terms in the first and last line of (98) are gauge invariant. Further
δtr
[
(A+ A¯)d(A+ A¯) +
2i
3
(A+ A¯)3
]
= d tr
(
Λd(A+ A¯)
)
(112)
which implies that the V -dependent Chern-Simons term in the third line of (98) is gauge invariant.
The gauge non-invariance of the bulk action Sbulk is due to the V -independent Ka¨hler-Chern-Simons
term in the second line. In fact we find
δSbulk = − Nk
4πnN ′
∫
dρ0 tr
[
d(A + A¯)Λ
] ∧ ( Ω
2π
)k−1
(113)
Adding the gauge variations of the edge and bulk actions we find, as expected, that the total
bosonic action S is gauge invariant,
δS = δSedge + δSbulk = 0 (114)
8 Summary, concluding remarks
In this paper we derived an exact bosonic action describing the dynamics of the LLL fermions
on CPk in the presence of non-Abelian gauge interactions. It is a one-dimensional gauged matrix
action written in terms of (N×N) matrices acting on the N -dimensional lowest Landau level single
particle Hilbert space and can be further expressed as an action of a noncommutative field theory.
Its semiclassical limit, as N →∞ and the number of fermions becomes large, produces an effective
action describing the gauge interactions of a ν = 1 higher dimensional, non-Abelian quantum Hall
droplet. The effective action contains a bulk contribution in the form of Chern-Simons type actions
in terms of the external gauge fields and a boundary contribution in terms of a higher dimensional
gauged, chiral Wess-Zumino-Witten action. The gauging of the boundary Wess-Zumino-Witten
action appears in a left-right asymmetric way, such that there is an exact anomaly cancellation
between the bulk and the boundary terms, guaranteeing the gauge invariance of the total action.
Further the bulk Chern-Simons type terms can be combined into a single (2k + 1)-dimensional
Chern-Simons action for the total gauge field, including the Abelian and non-Abelian background
and fluctuating gauge fields as well as the confining potential, in agreement with [27].
Given the fact that the full single particle Hilbert space for all Landau levels is known in
the case of CPk [3, 4], our results can be extended to derive the effective action for a ν = n
higher dimensional Abelian or non-Abelian quantum Hall droplet, where n Landau levels are filled.
Further extensions towards including inter-Landau level transitions and interactions is interesting
and worth pursuing.
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Although many of the explicit calculations in this paper were done in the context of the QHE
formulation on CPk, the outlined bosonization procedure is quite general and applies to any man-
ifold which admits a consistent formulation of QHE. Furthermore, since the lowest Landau level of
a 2k-dimensional nonrelativistic fermionic system can also be thought of as the phase space of a
lower k-dimensional system, our analysis can be clearly interpreted as a phase space bosonization
of k-dimensional fermions. Related work on phase space Hall droplets has been done in [8, 16].
Implications of this work to higher dimensional fluids is also of interest.
Acknowledgements
I would like to thank V.P. Nair for many useful discussions and A.P. Polychronakos for comments
on the manuscript. This work was supported in part by the National Science Foundation under
grant number PHY-0457304 and a PSC-CUNY grant.
References
[1] S.C. Zhang, J.P. Hu, Science 294 (2001) 823; J.P. Hu, S.C. Zhang, cond-mat/0112432.
[2] D. Karabali, V.P. Nair, Nucl. Phys. B641 (2002) 533.
[3] D. Karabali and V.P. Nair, Nucl. Phys. B679 (2004) 427.
[4] D. Karabali and V.P. Nair, Nucl. Phys. B697 (2004) 513.
[5] D. Karabali, V.P. Nair and S. Randjbar-Daemi, hep-th/0407007, Fuzzy spaces, the M(atrix)
model and the quantum Hall effect, in Ian Kogan memorial volume, “From Fields to Strings:
Circumnavigating Theoretical Physics”, ed. M. Shifman, A. Vainshtein and J. Wheater.
[6] D. Karabali, Nucl. Phys. B726 (2005) 407.
[7] M. Fabinger, JHEP 0205 (2002) 037; Y.X. Chen, B.Y. Hou, B.Y. Hou, Nucl. Phys.
B638 (2002) 220; Y. Kimura, Nucl. Phys. B637 (2002) 177; H. Elvang, J. Polchinski,
hep-th/0209104; B.A. Bernevig, C.H. Chern, J.P. Hu, N. Toumbas, S.C. Zhang, Ann. Phys.
300 (2002) 185; B. A. Bernevig, J.P. Hu, N. Toumbas, S.C. Zhang, Phys. Rev. Lett. 91 (2003)
236803; S.C. Zhang, Phys. Rev. Lett. 90 (2003) 196801; B. Dolan, JHEP 0305 (2003) 18; G.
Meng, J. Phys. A36 (2003) 9415; S. Bellucci, P.Y. Casteill and A. Nersessian, Phys. Lett.
B574 (2003) 121; V.P. Nair and S. Randjbar-Daemi, Nucl. Phys. B679 (2004) 447; A. Jellal,
Nucl. Phys. B725 (2005) 554.
27
[8] A.P. Polychronakos, Nucl. Phys. B705 (2005) 457; Nucl. Phys. B711 (2005) 505.
[9] X.G. Wen, Phys. Rev. B41 (1990) 12838; D.H. Lee and X.G. Wen, Phys. Rev. Lett. 66 (1991)
1765; M. Stone, Phys. Rev. B42 (1990) 8399; Ann. Phys. (NY) 207 (1991) 38; J. Frohlich and
T. Kepler, Nucl. Phys. B354 (1991) 369.
[10] S. Iso, D. Karabali and B. Sakita, Phys. Lett. B296 (1992) 143; A. Cappelli, G. Dunne, C.
Trugenberger and G. Zemba, Nucl. Phys. B398 (1993) 531; A. Cappelli, C. Trugenberger and
G. Zemba, Nucl. Phys. B396 (1993) 465; Phys. Rev. Lett. 72 (1994) 1902; D. Karabali, Nucl.
Phys. B419 (1994) 437; Nucl. Phys. B428 (1994) 531; M. Flohr and R. Varnhagen, J. Phys.
A27 (1994) 3999.
[11] A. Luther, Phys. Rev. B19 (1979) 320.
[12] F.D. Haldane, Helv. Phys. Acta 65 (1992) 152; cond-mat/0505529.
[13] A.H. Castro Neto and E. Fradkin, Phys. Rev. B49 (1994) 10877.
[14] A. Houghton and B. Marston, Phys. Rev. B48 (1993) 7790; H.J. Kwon, A. Houghton and B.
Marston, Phys. Rev. B52 (1995) 8002.
[15] P.W. Anderson and D. Khveshchenko, Phys. Rev.B52 (1995) 16415.
[16] A. P. Polychronakos, hep-th/0502150.
[17] A. Dhar, G. Mandal and N.V. Suryanarayana, JHEP 0601 (2006) 118; A. Dhar and G. Mandal,
hep-th/0603154.
[18] S.R. Das, A. Dhar, G. Mandal and S.R. Wadia, Int. J. Mod. Phys. A7 (1992) 5165; Mod.
Phys. Lett. A7 (1992) 71; A. Dhar, G. Mandal and S.R. Wadia, Int. J. Mod. Phys. A8 (1993)
325; Mod. Phys. Lett. A7 (1992) 3129; Mod. Phys. Lett. A8 (1993) 3557; A. Dhar, JHEP 0507
(2005) 064.
[19] B. Sakita, Phys. Lett. B387 (1996) 118; B. Sakita and R. Ray, Phys. Rev. B65 (2001) 035320.
[20] B. Sakita, Phys. Lett. B315 (1993) 124.
[21] A similar approach in the case of the two-dimensional QHE, based however on W∞ transfor-
mations mixing higher Landau levels has been proposed by K. Shizuya, Phys. Rev. B52 (1995)
2747.
[22] N. Seiberg and E. Witten, JHEP 9909 (1999) 032.
28
[23] J. Madore, S. Schraml, P. Schupp and J. Wess Eur. Phys. J.C16 (2000) 161; B. Jurco, L.
Moller, S. Schraml, P. Schupp and J. WessEur. Phys. J. C21 (2001) 383; W. Behr and A.
Sykora, Nucl.Phys. B698 (2004) 473.
[24] F.D.M. Haldane, Phys. Rev. Lett. 51 (1983) 605.
[25] G. Alexanian, A.P. Balachandran, G. Immirzi, B. Ydri, J. Geom. Phys. 42 (2002) 28; A.P.
Balachandran, B.P. Dolan, J. Lee, X. Martin, D. O’Connor, J. Geom. Phys.43 (2002) 184.
[26] L.S. Brown, R.I. Nepomechie, Phys. Rev. D35 (1987) 3239; D. Karabali, Q.H. Park, H.J.
Schnitzer, Z. Yang, Phys. Lett.B216 (1989) 307; D. Karabali, H.J. Schnitzer, Nucl.Phys.
B329 (1990) 649.
[27] V.P. Nair, hep-th/0605007.
29
